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Abstract 



\q , A model of quantum field theory in which the field operators form a 

nonassociative algebra is proposed. In such a case, the n-point Green's 
functions become functionally independent of each other. It is shown 
that particle interaction in such a theory can be realized by nonlocal 
virtual objects. 

<D . PACS N 03.70.+k 

At the present time, attempts are being made to introduce in some form 
or other nonassociative classical fields in field theory [0J. In this paper, we 
^ ■ propose a modification of the rules for quantization of field operators in which 

the algebra of field operators becomes nonassociative. Such a modification 
has the consequence that there appear in the quantum theory Green's func- 
tions that are functionally independent of each other. One of the interesting 
consequences of such a quantum theory is that in it there arise Feynman 
diagrams for particle scattering that cannot be interpreted as the result of 
the exchange of virtual quanta as carriers of the interaction. 

In standard quantum field theory, the interaction of elementary particles 
takes place through the exchange of virtual particles. The main building 
bricks in the construction of the theory of interacting quantum fields are the 
propagators of the corresponding particles and their interaction vertices. In 
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string theory, particle-particle scattering is implemented by means of nonlocal 
objects - strings. In this connection, the following question arises: Is it 
possible to modify the rules of field quantization in such a way that the 
elementary building brick is not a 2-point Green's function but, for example, 
a 4-point Green's function (as occurs in the Veneziano dual model and in 
string theory 0])? If such a modification is possible, then it may be supposed 
that the interaction between elementary particles (described by the 4-point 
Green's function) in such a modified field theory will be implemented by 
nonlocal objects. 

To obtain a 4-point Green's function (with postulation of certain quanti- 
zation rules), it is necessary to relate in some nontrivial manner the quantum 
field operators at four space time points. In standard field theory, such a pro- 
cedure, applied to the product of two field operators, leads to the appearance 
of the 2-point Green's function (propagator), as a consequence of which the 
order of succession of the operators in the product of field operators men- 
tioned above becomes important. 

It is clear that in noncommutative quantum field theory it is impossible to 
define a 4-point Green's function that is not some polylinear combination of 
propagators of the corresponding particles interacting at the vertices. Thus, 
a significant modification of the quantization rules is necessary. It turns out 
that to define such a Green's function it is necessary to require that the 
algebra of the quantized field become nonassociative. Then a nontrivial 4- 
point Green's function appears when the time-ordered product of four field 
operators is defined as follows: When any field operator is pulled through, 
in its place it is necessary to redefine the order of the bracket in the product 
of field operators. Each such redefinition leads to the appearance of an 
associator, just as in noncommutative algebra displacement of an operator 
to the left or right gives rise to the appearance of the commutator. It is 
obvious that the number of operators needed to define the associator cannot 
be less than three. In such a nonassociative quantum field theory, we can 
obtain n-point Green's functions that are independent of each other. 

We now turn to a more detailed analysis of nonassociative quantum field 
theory. We denote the product of n field operators in which the brackets are 
arranged in accordance with some rule P by M n (P). For example, 



where <p x = <p(x) is the field operator at the point x; in this case, rule P 




(1) 
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indicates that all opening brackets are in the extreme left hand position. 

We shall call this ordering of the brackets for any number of operators, 
i.e. , with all opening brackets in the extreme left hand position, the normal 
position of the brackets and denote it by means of the colon: 

:M n (P):= (2) 

here we have on the left n opening brackets in succession. 

We consider the nonassociative quantum field theory that satisfies the 
following axiom. 

1. Two monomials M„(Pi) and M n (P 2 ) that differ only in the rule of plac- 
ing of the brackets differ from each other by a numerical function Ass(xi, x 2 , . . . ,x n ; P±, P 2 ), 
which we call the n-point associator: 

M n (P 1 )-M n (P 2 )=Ass(x u x 2 ,...,x n ;P 1 ,P 2 ). (3) 

2. The action of the product of two monomials on the quantum state 
vector \v > is defined as follows: 

(M n {P 1 )M k {P 2 ))\v> = M n (P 1 )(M k (P 2 )\v>), (4) 
<u|(M n (P 1 )M fc (P 2 )) = (<t;|M n (P 1 ))M fc (P 2 ). (5) 

3. We have the usual commutation rules 

[<Px,<P v ] = G(x,y), (6) 

where G(x,y) is the 2-point Green's function (propagator). 

For more transparent penetration to the essence of such a nonassociative 
quantum field theory, we consider the following simplified model, in which 
the action of any field operator on the vacuum state annihilates it 

<p x \vac >=< vac\0 x = 0. (7) 

We now consider the 3-point assocator 

(<p x tpy)tp g = (p x {(p y (p z ) + Ass(x, y, z). (8) 
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Using the rule introduced above for the action of the field operators on the 
vacuum state, we readily deduce that Ass(x, y, z) = 0. We now define two 
4-point assocator: 

((<Px<Pv)<Pz)<Pv = (0*0»)(0z0u) + -Assi(&,!/|;z,u)i (9) 
x [0y(0 z u )) = ((f x (f y )(0 z u ) + Ass 2 (x,y\z,u), (10) 

Acting on each of Eqs.(p|-|l0|) from the right and left with the vacuum state 
and using the condition (|7]), we can express the 4-point assocators Assi^ in 
terms of the vacuum expecation value of the monomial {0 x <Py)(<fiz l Pu)'- 

Ass lj2 (x,y\z,u) = Ass(x,y\z,u) = - < vac\(<p x <p y )(0 z <p u )\vac > . (11) 

We introduce some properties of the 4-point associator in the case when 
the points (x M and y^) are pairwise spacelike: x M ~ y^,z^ ~ VtF" (x^, z M 
and tt M are 4-dimensional vectors). Using the commutation properties of the 
operators, and also the properties of the vacuum state, we can esablish the 
following symmetry properties of the 4-point assocator: 

Ass(x, y\z, u) = Ass(y, x\z, u) = Ass(x, y\u, z). (12) 

We now define the Green's function as follows: 

T(M n (P)) = M n (P) + G(x 1 ,x 2 , ...,x n ;P), (13) 

where the symbol T denotes the ordinary time ordering of the operators in the 
monomial M n (P), and also normal ordering of the brackets in the monomial 
M n (P). It is obvious that the n-point Green's function can be expressed 
in terms of a polylinear combination of n-point assocators (m < n) and 
propagators. 

We now consider the interaction of two quantized fields. The operators 
of one field q(x) form an ordinary noncommuative algebra, but the operator 
of the other field (p{x) form the nonassociative algebra proposed above. We 
define the simplest model Lagrangian of their interaction as follows: 

L int (x) = iq x Y^-xtiqx, (14) 

Despite the apparent triviality of (fljj), in this model theory there is a very 
nontrivial interaction of these fields due to the nonassocative nature of the 
quantized field <p(x). 
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As an example, we reduce to normal form the T product of the four 
operators of the interaction Lagrangian: 

S 4 (x,y\z,u) = T (r(x)jP{y)r<{z)J 5 {u))T (: A ax A Py A lz A Su :) . (15) 

Suppose the field operators q and (p commute with each other; then all the 
field operators q can be collected together in one bracket, for example, on 
the left: 



S A (x,y\z,u) = T 



qxQyqzQu 



T[. q x q y q z q u -]T 



{(Px^y^zWu 



We shall be interested in only the term 

D 4 (x,y\z,u) =: q x q y q z q u : G(x,y\z,u), 
where in accordance with (|I3|) 



G(x, y\z, u) =T 



(16) 



(17) 



(18) 



This diagram describes the scattering of four quanta of the q field realized by 
means of the 4-point Green's function of the nonassocative quantized field tp, 
whose operator algebra is nonassocative and noncommutative. In contrast to 
an ordinary Feynman diagram, in this case one cannot speak of the exchange 
of quanta of the (p field, since the 4-point Green's function G(x, y\z, u) is not 
any combination of propagators G(x, y) of the field (p. 

We show that the scattering amplitude (|T7| ) has certain features in com- 
mon with the Veneziano amplitude. Because from the beginning we took 
nonassociative field operators into our theory, the amplitude (|17|) cannot, 
in general, be expressed in terms of the field propagators G(x,y). The 
Veneziano amplitude A(s,t), 



A(s,t) 



E 

k=0 



[a(s) + l][q(s) + 2] . . . [q(s) + k] 1 

k\ a{t)-k' 



(19) 
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(a(t) = a' + a(0) is a "Regge trajectory") has a similar property, but in a 
somewhat weakened form. It is an infinite sum, each term of which corre- 
sponds to exchange of some particle. But precisely because the sum is infinite, 
the result after summation differs from any finite sum that approximates it: 

" [a(s) + l][a{s) + 2] ...[a(s) + k] 1 

A{s ' t] ~~ h u ^FP (20) 

This difference takes the form that although each finite sum A n (s,t) is an 
entire junction of s nevertheless the Veneziano amplitude A(s,t) has a pole 
with respect to s, which ensures its crossing symmetry. 

We now consider the following property of the amplitude (|T7D. We recall 
that we consider two spacelike pairs x^ ~ t/ M and z^ ~ w M . The expression 



([171) indicates that there is an interaction between the pairs q x q y and q z q u , 
which must be implemented by some nonlocal virtual object. If we take 
each instant of time r between t 1 = xq = yo and ti = z° = u° (x°,y°,z° 
and u° are the time components of the 4-vectors and u M ), then 

for each r the Green's function G(x,y\z,u) is a nonlocal virtual object that 
implements interaction between the pairs q y q y and q z q u . This observation 
indicates that this model in spirit is similar to the string model, in which the 
interaction between the pairs mentioned above is implemented by a virtual 
string, however, there is the important difference that in the nonassociative 
quantum field theory that we consider the nonlocal object G(x,y\z,u) t=T is 
not one dimensional. 

Thus, we see that in nonassociative quantum field theory interaction be- 
tween particles can be realized by nonlocal virtual object. In this sense, such 
a quantum field theory is to some degree similar to string theory, in which 
particle scattering can be described by nonlocal extended objects such as 
strings. 
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